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This report represents much time spent thinking and plamming - and
ruch too little time spent in class - 20 mezihings.
1. I nmet twice a wesk 1vom Februsry into ifay, with the 7th grade class
at the Cambridge Friends?! School, ('J.“"hexe were two long brecks.) The
class was small « 8 boys and 7 girls - the childven were ususlly thought-
ful and re.;pons:r.ve, and the atmosp ' re for lezening was goods I was

helped substantially by the teacher, dr. Thomas Waring, who has a strong

Teeling for the mathematical point of view - and for the child’s,
2. I learned much more then I taughit, Time was shorb, I used various
approaches and did not always folloyw through and reinforce what was done,

I tried deliperately to explore problemsiic, sensitive areas and, not
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surprisingly, there was frequent trouble and frustration.
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For .example:
8 They hated ’V‘f when they found thet "it doesn®t come out even"
So much sc that they asked at one point to study oxly rec-

tangles vwhich were not squares in the hope of avoiding V4,

(and its ccmpanions,)

b. They eventually followed the prcofs of the Pythagorean
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Formula done on the board bubt they were not at 21l convinced

BEPRE RS

it would really yield the (correct) answer if they actually
measured the sides of a perticular right triangle. (Often
it didn't, becouse of their errors in measuring and inaccu-

racies in the conshruction of the triangle,) I think this
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is in part a reflection of their lack of confidence in the
"eorrectness" of their reasoning, Sometimes when they seem
%o be following a proof they may really be gaying "I can't

find enything weong with it."

Can such matters be dealt with profitably in grade 7 (or earlier)?

I thirk so.

I5 seemed to me that the hardest thing for the children wes

that these ideas were very new, unfamiliar, soretimes even startling,

In that case, perhaps the earlier they're presented the better it would

be, so that the long process of familiarization (and understanding) can

get gzoing,

"Familiarity breeds content" - I hope,

3« Scme of my prejudices,

8.

b

Difficult points vhich are natural parts of the theory and
which can be understood by the student should be sguarely
faced, Whenever such a point is not going to' be adequately
treated thet fact should be plainly sbated, Gaps, wnmobi-
vated asswmptions end devicass, evasive action (even when
logically legitimate) should be clearly labeled as such,

It is unfortunetely easy to make children think that they
know certain thirgs which they plainly do not, and that
certain things are obvious which obviously are not, It is
notoriously difficult to undo this, This goes on all the time
at a1l levels of mathematies instruction, In fact, I think
it is "the rule", (It is attractive because it is comforbing
and frequently yields correct answers, ) Thé mishmash made in

treating area is a particularly scandslous situation,




Ce

-3 -

Appeals %o intuition are éﬁrem-:—ly valuable in tesching
mathematics and are also extremely shused, Many different
kinds of thinking are confuscd under this heading. For
instance,
(i) Some things, especially in gecnebry, may be visuelly

evident:s TFor exarples,

If a line crosses one side of a triangle 1t also crosses

i

/
another, \
Two edges of a tria.rzlgle form & larger path than the
third side,

The circumference of a circle is {1bout 3 times the length

of the diameter.

(1) Scmetimes one reasons by analogy.

(iii) Sometimes one generalizes after checking a few special

casesSe
Usually (ii) and (iii) are ccmbined.
{
¥r feeling is thet assertions gotten by (ii) or (iii) should

be identified plainly as conjectures or working hypotheses,

The best thing to do with them, when you can, is to verify
then (or disprove them), If you can't, you frequently go

ghead anyway and see what follovs. But the P_rovisional status

of these sssertions should be made clieaT.

I think visually evident things have a different character,
They "feel" true - verifiedo In a satisfactory discussion
only statements of this kind should be taken for granted and
(since this is a subjective natter) even these are naturally

open to challenge.
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Here are four large problematic areas which need to be developed

in detail and worked into the school mathematics curriculun,

8, Geoimetry as physies versus gecmetry as mathematics,

b, Proofs, mathematical reasoning.

C. A satisfactory treatment of area.

d. Infinite processes {approximation)

I will comment briefly on these on the next few pages.

; .
a, Geomebry as physics versus geonetry as ma{fhematics.

14

As a rule this relation -~ or contrast - is not discussed,

Perhsps it is considered oo sophisticated a metter or too

.- Puzzy a problem {0 be amenable %o teachin,.’g. Maybe. I don't
know, :
Neverthless, it seems that children first experience and under-
stand geometric objects physically and so, scmehow, have ‘o make
the transition to mathematical gecmetry i.e. - to absiract ocut

the relevant formal properties and relations of the physical

objects,
This is a hard series of steps, Perhaps the teacher can help,
I tricd, I began the first geometry class by posing finding

the Pythagorean Formula as a physical problem: Find a formula,

in terms of the lengths of two adjacent sides of a rectangle,

that will predict the result of measuring the diagonal, In

fact, to begin I posed tnis problem for three particular rec-:
tangular objects in the classroom,

I encouraged measurements and hunches,

My aim was to show them, what is to me very striking, how a line

of mathematicel reasoning can be used to solve a physical problem,

o |
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I wanted to (scmehow) wean them from physical obj ects and
xﬁeasuring to imegined "idealizations" and reasoning, and to lead
then throvgh a statement and proof of ¢ = a2 + b?_ .
My attempt was clumsy, naive, inadequa.té; Bu;c arg .approa,ch like
this should be tried again. Perhaps sharting with the 3-4-5
‘Eriangle. Perhaps working more with squares. Perhaps starting
by telling what the formula is.

-~

Proofs, mabhemotical reasoning.

I feel strongly that a proof that doesn't convince is not worth

muach, -

Pfactice in proofs and mathematical ways of talk_ing. and reasoning
should begin as early as possible, |

I:b should be made clear that what's put in or left,gu‘b in wriﬁing

dovn or telling a proof is very much a matter of convention - the

-——

standards of the times or the particular classroom._ .
Proofmaking is a mathematicsl skill which should be learned along
with the others, Number theory and inequalities seem natural

areas te do this in at an early age.

~ - -
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A satisfactory treatment of area,

L e e o= e me =

- —

This is my main goal and I em still far from it. Bub I have learned

a——————

some things, ' R

I think the measure theory should be faced up to. There is much

tl}at can be done. And there are many interesting basic problems

P

that can be taclded,
The problem, of course, is to demonstrate the existence of an

area function which has all the properties it's supposed to have,
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I would like {0 distinguish two kinds of difficulties that arise
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" in trying to do this, =
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(i) There are problems of spproximation, Two things have the
same area if you can approximetely cubt one up and rearrange

the pieces to form the other. Infinile processes are in-

volved. If ycu try to compute the area of a triangle like

this

!
then you have to sum 2 “i‘ 71 .
In dealing with such questions it may be good, at first,

to emphesize inequalities and bounds rather than equalities.
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tart with the concept -~ one region is smaller than another

if it can be cut up and reformed tc fit inside it,
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(After such a discussion Bolyai's Theorem on cubting up
triangles is especially striking.)
(i1) The other kind of problems are like this, Take a square.

Cover it with fine graph paper whose lines are parallel
to the sides of the square. Count the number of boxes which

~ “hit the squere, Now put the graph paper down some other way
and count again, The answers will be aboul the same., Explain
this,
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Related problem, Take = 1 by 1 square and cut it up into pieces

that can be rearranged to form a rectangle, Then_ the lenghts of
the sldes of that rectangle will alvay satisfy the relation
awb = l.

Prove it, (i.e, Shoy vhy.) (In particular, show why if the

rectangle is a square, it will again be a 1 by 1 square. )
These are extrémely interesting facts which ane not visually

evident (though they can easily be checked empirically) and are

basie to understanding area.

This is the approach to area: I suggest, I think it can be taught
end learned,

In the "postulational” appz;oa,ch to area such questions are avoided

with such success that most people I've talked to find it hard

(often. impossible) even to understand the questions, I had this
experience last summer with a group of college graduates ~ math~
ematics ma;a;ors .--.who were preparing to teach gecmetry, This
éux'prises me even less now that I have looked through a number

of the s‘bal;ldard works on measure theory and found these matters

elther sbsent (which is fair enough), faked, or hidden in the

exercises,

d, Infinite pfocesses (aéproximatioﬁ).
Approximation has to come up -~ in decimals, in area, in fact,
beginning with division.
The prc;b:.l.ems on infinite proéesses are i:asciﬁating. Work" can

begin éai-ly - =~ How neny numbers are there?
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By way of illustraion here is a list of questicns I once used
%o begin a project on infinite processes with ¢n 1lth grade
class at the Comuonwealth School..

le 2,4,6,8, « vhat comes next?

2. 0+0+O+ooo=?
3. L2l +lael+d -1+ =2

be 1414141+, =1

De -3..- + 3 + 3 + 3 + s0e =1
10 100 1000 10000

e L + 1 41 + eaet 1 tees =1, TWIY?
2 S~ 23 om

Te ;Is there a number N such that

1 1 1l . 1l . o
L+ 4+ S 4+ 2 d g4+t = ?
2 3 L n>3

Do you think there is en N such that ' )

1 1 1 1 '
L+ 4+ S +2 + 440 += 10C0 400 2
2 "3k ¥ 7 %

8, ~ About how big do the numbers
1

1 +3a+ §A+ eve + o2 ' ;

get as you take n bigger and biggexr?

Qe Try adding up the sums

'y 1 ' 1 1
11" l"z '3' 2'!"3’-&,1-"' '5-'1;4'

lt—'

3

AR L

with more and more terns, What huppens when there are many
terms? Is the sum alwsys positive? Always negative?
Sometimes positive and scmetimes negative? About how big
does it get to be?

10, Can an infinite region have only a finite amount of erea?

( I do not inclnde a report of this project here.)
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Before the 1lst meeting, I gave cub a set of problems, to be worked
on at home, and then handed in, The problems were:
1) to get an idea of how they thought about geometric objechs
and vhat they knew about them (very, very roughly).
ii) to get them primed, ise. to give thew an idea of what we would
be doing. \ ; ‘
1ii) (hopefully) to find some interesting leads\e,
Their answers were more or less %vha.t I expected and I won't comment
on them in any detail here, I enclose two sample rsplies,

[

)




[ «Wm‘qu e, -

-0~
SOME PROBLEMS

Here is a square (approximately. )
/ ‘\

\
- \
v

/

Which side is shortest? Measure it.

Is there u square smaller than the tip of a needle? Could you measure it?
Is there a square bigger than the earth?

Can you make & square that is more accurate than my square?

By the way, what is a sguare? A circle?

Meke a circle (out of something) that surrounds just as much space ag iy
square., How long is your circle across?

How long is it around?

Finally, make a circle that is Just as long around as the square is. How

long around is that?
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3

Sy

Finally, pake a circle that is just ey long around ags %ie gqugre is,
How long ercund is thah?

How long is this circle across?

PsSs Try to finish this circle. Find the center and measure the radius,




-y . Pupil: K, Creighton

THE ANSWER TO SCME OF YOUR PROBLEMS

P
——

No sides of a square are shorber or longer, A square ﬁas equal
sides, |

There ere squares everyvhere that you can't see (Like & point). You
can not measure it., There is a square bigger than the earth, There are
an irfinite number of them and them and their made from the T muber
of planes, and + lines, I can imagine one that is perfect square, but
you can not see it,

A square has I line segments that endpoints only meet two other
endpoints, A s&uaz'e is not a circle because a circle is just one perfectly

round closed curve, and has no end-end,

——
- My circle
e G

4 R
/ \
’ ]
{ /
\ N
\ /

It is two in, across,
It's circumtrence is 6"

The square isn't round
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3.

D¢
6.

Te
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10,

Pa.3e

Yes
Yes
Yes

Yes

A square 15 a two~dimensional object

LI N |

WLC

Pupils

n four equal zides

A circle is s two~dimensional. object that is rcund

25
61:
8"
2%_"

2"

wa

Peter 7,
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1st Meebing o o L

To begin we picked out 3 large rectangles in the classrocm: 2 laxge
windows and a table~top.

I annovnced tha® I hed & "method" whereby if I knew how long two
(adjacen:b) sides of one of the recbangles were I could, by doing scme
figuring with pencil. end paper (without looking ab the rectangle any more),
ﬁgure out how long the diagonal wase ;

I esked if anyone else thovght they could do thJ\So Several sald yes,
Af’ber a brief discussion it turned oub fbhai; vhat they meant was that if
they ¥new how long 2 adjacent sides were they could also tell how long the
pppos:l. e sides were, I explained again what I prepoged to do (determine

the Length of the disgonal) and this time everyone seemed %o catch on.
No one said he could do ib.

I proposed the following "experiments”, With a yardstick several
children measured the sides of the 3 rectengles o I drew pictures of the
3 of them on the board, not &t all precise, but at least preserving their

relative shapes., I merked the appropriabe leng thse

531
A B 21" c 18 "

. 45" - _ 45" 72"
Y ‘.L‘hen we did. the following. Two children measured the diagonals with

' X string and. a yardst:.ck. I worked. with pencil and paper, via the Py*hagorean

; , i~ -f* Formula. And the other members of the class thought about the problem,

. looked a.t the objects, and tried to figure cut the answer.

a‘a. ,x
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When we had all finished (the measurers had some trouble with the
string stretching) I recorded the results on the board. ‘ e T

Only a few children had answers.

A B c

(1 7y 55% 81}
Student! \ P y
Anstrs " é Ce 98 65 90z
% 3. 98 66 90%

2 L, | 76 (This vas a guess)
e 5. 69 ho+ 73.8
Measured g 6. 67 h 71}%

L wes a guess, 2 and 3 had added the sides. I pointed oub, end every~

one seemed to see immediately, that this was clearly too bigz,

1 was Scotty's method, She judged with her eye and estimated the

length of the diagonal as the horizontal side plus helf the vertical side.

We pursueé. her idea, Her answers were pretty close to the measured
results, |

First I pointed out that her answers depended on which way we looked
et the objects, If we rotate them by 90° and apply her method then the
enswers change and in fact become quite inaccurate,

There was a 1ot of action at this point, various aftempts to fix the
method, Someone (was it Scobtyr) suggested modifyying it to be the long

side plus half the short side. This saved B and C, The answer for A

got worse (compared with the measured result and mine) but not too mach
worse, I thought it inberesting that the answer got worse only for the

more square-like figure A; several children geemed to think this curiocus too,
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_So, to fix our attention on one aspect of this problem I assigned for a
homawork probler: to check Scotty’s method for a squere., That is, to find
or construct several squares at home and to compare Scolty's me“lzhod, against
the messured result,

There was surprisingly (to me!) little discussion about the fact that

my answers were so close to the measured ones - (vhich was the main point

I wanted to impress them with), I see now thab this was prineipally due

to the way I Pkandled the situation. I treated the method as an edult

secret ~ "not for children" my manner ﬁrobably said, I openly avoided
explaining what I was doing (to leave open the possibility that we would
eventually "discover" it in elass). This approach (vhich was not partic-
alarly caleulated on my part) contained the seeds of subsequent failure,
. In e.fect, I challenged them. We chose sides, I had zy "method", They
measured, _
’ Only one bqy asked sbout vhat I had done (just efter the results were |
tabulated)., He wondered if I had done something like meke a scale drawing
on my paper and then measured it, I told him tha% I haédn't done any

measuring and made a mentel note to try to pursue the idezm of gcaling and

gimiia ity :later on, Surprisingly, it never came up aéain, (except briefly

on the very nex" day) et this is & basic point to- work one To nnderstand

-

H .'J-"
.;:an. PN

tha.t they only have to do it for one member of any class of éimila:r rec- -
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2nd. Meeting

Four children had done the homeworke, They found thet Scotty's
method and measurement gave Very close answers for the squares they
tried,

(Whexe d:.d they get squares? I'm really nob sure, That's a problem,
T think some drew them on paper and cut- them oub, Bub geibing those right
angles can be hazd.)

Some of the results were (I've lost one)

Side Diagonal (Measured)  Diagon 1 (Scotty's Method)

1. 2" 2-7/8" 3"

2. 1" 1-3/4" 1-1/2"

3. o" 2-5/8"' 3"

The general feel:.ng vas that the method worked pretiy well,

The 2-7/8" and 2-»5/8" measurements for a square 2" on & side looked
curious to say the leasts I asked, what about 1t? This ceused lots of
unha _p.nness....must have been & misteke in measuring, they said. I tried
to raise the question of the accuracy of the squares themselves, of how
square they really were. What asbout those right engles? Wouldn't in;-
accurucy there also throw the result o:f.‘f? ‘L‘his whoJe discussion dn.dn't P

/u.’v

settle a.ny'bhing. I th;mk they have grea.t fa:.th that a.ny ma.ch:l.ne-cu’c ob:j ec’c,j

LAY \9

% e fhhat looks like a. right anglé 'iss; one. n

- “«‘ua
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Moy 2
o, A= T .
;\,,__!.} < ,; o ;9"""4 ?:' :'. .ﬁ_.h‘,

~ ;-", . A .. -' u"“{, NEN - “, ,:;v i o
. Ikra:lsed the’*question._ ; Eqmié_Scotty’s met’nod possi'bly'
Gl PR e By Dy UL e R a;;-“;‘”” Py
d. the dlscrepancy ] :éjiangﬁersa,be due ent:.rely ﬂto ot
BT _- o "-acu" -3 '-'A;"’b‘"' . N ' FTa% "’"2"“ ~7 " - L‘ ('

"’ "‘\..""3‘# g ’.«,) 3 ’."hf N q’ }‘ %7 "‘*‘ PR f ' TIESRT . Moos
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35,,,_;\ Xere IS ‘ "f"'~‘7-.$¢.:~"

o ”experimental errors")., My intentio'ri "ih_’ﬁoé.‘iﬁg‘»;{b’his question was to;'move A
';,.»n ) it Nt " : ;«‘ g d TN .

4) o ;—., N .. N A - TR -~ ‘,mv‘.‘ @
¥ ,;\ -;Lé R ‘-1 h}
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" f.'toward ‘abstrac'b ma.thematical reasomng., :

‘“‘.} A»«*" kS

in min&l to Bro 'bhat ’che ‘

>,

the foliowing reasons. Principally, they k:new tha.t her (Scotty s) method

didn't agree with mine during the 1st meeting; so I mush know It's wrong.

- “fo ~
{‘1 et \a'*, oom’_' ~ ,L* »;.\\-,.,'.;‘ »."- R

. method wa.s wrong (though close). : Thig wa.s another blunder on my part., E 0}‘ ST
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Why pretend? Why play innocent? Secondly, it has such e negabive quality.
Here em I with my "secret” adult foxrmula proving that one of the children's
formulee is wrong, No mabter how positively I tried to put it, in retro-
spect it was a bad business.

Anyway, I did it. I drew the following diagram on the board.
e

i SR MWCE WS e

I waited for ideas. One boy made it inbo this [N

but that led nowhere. So I led them through some reasoning, First I
attacked labels. o a. )

. r_ | :t{
G. . a
d d

~
b {

nlw

O
I argued:---by Scotty's method b =5 a3 so d = % a3 so, agein by
3
Scott's method, a =35 d = % a # a, a contradiction,
Same bought this; obhers asked "What's a ? So I did it with a = 1,
Then they wanted to try a = 2. Instead, I set a = J2e (one of the boys),

drew a wavy square,

and did it again,
As I mentioned before, this didn't come off,

Also, notice how faxr away we seenm to be from our original problem,
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3rd Meeting

Somé’chiﬁg ne'vf has been addedi Richard brought in the Pythagorean
_‘/i_,__.,..f.orr...

Formle, ¢ ="V a” + b~ . He "got" it from the sister of a friend,

He tried it on several rectangles zand found it worked very nicely,

What do I do? I was well aware beforehand of such an event possibly

coming to pass, Still I had no plan, I'm afraid my look and manner

suggested to Richard that he had done somethirng wrong -~ which he hadn't,

R T T S L T T IL  Y  R C EE TLNRIeS

At any rate, I asked Richard if he t’novéht the l\Fo:rmula. was exact
(Wha,t_ever that means), vhere the friend's sister hac{ gotten it from, why ;
he believed her (why not?, of course), how it might have been dicovered :
(trial and error, he said). !

Roger and Scott also had a new formula (the same, but independantly):

long side plus & guarter short side, Rather than follow this up, I suggested

f.hey' try on their om to apply the reasoning of the previous meeting to the
new formula and see what happened, (Significantly,I realize now, I didn't
suggest this to Richard),.

Instead I c?rew the square again and tried to see if we could get any

positive resulté by reasoning, 5

d = diagonal

Nothing happened, So I improved the picture, thus,

S

S

trying to make a square based on the diagonal., Ny picture looked bad,

David had a good idea and drew it as follows:
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Extend this Iine‘)
/
A G S
"~~~ and this one
Then draw \\\\\
S

N

/< N
- s : t
: using the lincs as
- 'guides

{

After a short discussion (in which Mr. YWaring, the teacher, gave the

key idea) we got

Area of sma!l sguare = § area of big sauare

At this point | Thoughf we were home; but, to my surprise, no one seemed
to have learnt Tﬂe formula for the arca of a square of side s (or d). As
i+ turned out, we didn't get back to this for a while. But actually they
did know that, e.g. the area of a square of side 2 is 4, of side 3 is 9,
of side ¢ is 4, etc. It was the "s" Fhat threw them,

Abstract symbols have to be infroduced, but there are good and bad

ways to do it,
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Iith Meebing.

-St111 responding to Richard and his Pythagorean Formula (Mote: He

didn't know it "by name" and I never said "Yes. .hat's 3%"). I came in with

a list of possible formidae, For b f_f a, L lisc~Cs

1. a+b - (Our firsh try)

2, a+ :Z' (scotsy's)

3. a+ ;% (Roger & Scotty)

Y, ’\/a..“ v :’J‘;I e ( Richard & Pythagoras)

5. a+ !2'- -g-'&" :‘3" .Z.l; + %8 }_2? ' (M?, via the binomial series,
firsht b Serms)

I drew a big chart with bhese formula matched against same of our
previously measured rectangles. It was unwieldly, the algebra was a
little hard {and too fast) for them, and there was muck too mich on the
board to have to look at. Richard and Pythegoras won, end no one cared,

We went back to our square, But therz was lme only to ask them:

Wheat is area? 'In particular, what is the area of a sgyuare?




- =+ - - - Some More Problems

These were done Tor homework before the fifth meeting, The first
3 were exercises involving arithmetic and algebn»a that came up.
The last 3 were to 3et on into area. The responses ware nob

particularly interestings
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2,

3e
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SCME MORE PROBLEMS

i

o

Which is bigger, 32

: 3027 or 3028 ?

lor2? 3028
2 3 68 699

Wnat are your reasons?

Find a nuvmber a such tha® ast

b such that b.b is between 13 and 2%,

Wha.tls/f,z l z 122

.g_;-o

Vhat is the area of a square whose side is 13"

wl

What is the area of a square whose side is 2/3"

i

Which one has the most azrea? The least?

is between 5 and 6.

?

F¥ind another number

2 2/5" ¢

(6.4

\-;!
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Fifth Meeting

It began with a question related to & homework problem, VWhy vas

wlo

= 1? That is, why doesn't it 211 "cancel out" (get eresed frem the .

board)? I always find it difficult to reply to a negabive intervogative,
(and was tempted to say "when you multiply, 1 is bhe zoro"), Instead,
I just passed,

We worked on area, It turns out they've had som: classrocm exe
perience with it betore(at least, soume of them bave) and zcally seem o
understand well what they know, -

I put a rectangle like this

2.

on the board, They said thesarea is 6, I asked why, They told me, David

-

went to the board and made a grill, i

2

and explained" 6 unit squares.

They could also dog

]
. ‘_Jl'/zn
S

1Yy

breaking w & unit square itself into L subsquares. I tried a square

1
100,000

on a s:.de and 'bhey did it. They understand 'bhls.
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Chuck suggested using a cormon denominator to determine how %o
subdivide the general rectangle, Cood idea, (Bu:b I note that quike
reasonably, they think, indeed they "know" withoub thinking, that all

numbers are rational, I plan a surprise for them - later, )

[Note: For some reason my tense changes here:.'}
I go to the obther extreme now and ask aboubl the area of an irregular

figure, I draw something like this.

P :. What is its sxrca? How do you find it? Two mebthods are offered,
1, (Either Alix or Farl'en). Place a string along the perimeter,

Reshape it into a square, That square will have the same area,
2+ (Chuck), Fill it up with squeres inside end add. There's some

problem with the edges,

We discuss 1 which arouses lots of interest, One girl gets wp to the
’ board with a string, I suggest that it doesn"t; lock zight for a long thin
rectagle, bub this idea is not picked up.

We discuss 2, What about the edges? They're curveds Scmeone suggests

= cubting up unit squares into curved pieces to meke it fit exactly., His
. plan is to cubt one (or maybe a few) unit square up into pieces like

A

, end use them to cover the edger, I point out (and he realizes) that he

G o o o

must use all the pieces he cuts and we see that it is highly unlikely that

this will work,
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6th Meeting,

We begin by comparing again the two ways suggesbted for determining

the area of a curvy region, This time I drew one like this,

T T

e
K\ ‘jw\'\\-w )

7

Alix sees that her method (1) won®% work, She has a good idea,

Nemely; if (1) vere xight, then the figure above and the one below

(gotten by a "flip") would have the same area,

— -
e — . -

l/,./" h\
(\\\. ) | /) &——- But this is larger

~— P e Sticks out

Seme felt this was a paradox, that the same string can determine

different areas-. I passed,
Then I posed the iscoperimetric problem: How do you form a region

with the biggest area? (Using a fixed piece of string,) .

Inmediately there were two answers: circle, squere, We kicked this
eround a while. Then I simply told them that the answer was e circle, .
and tried to shoir heuristically why it couldn't be a square., I argued
(with pictures) that if you push in the corners slightly, and then pull

out the sides, you'll increase the area,




L <@

Then I left this end went back to the guestion of the formila for
the area of 2 squave, It twrned oub (in the 5%h meeting) that they daiad
know this after all, Namely (side) 2.

From here we moved quickly and easily through our Pythagorean
relation for a square, We got de = 232.

We wanted d; I said O.X. given s, whal's d? We tried s=15 s aund gof;
& = 150, We tried various nubers for do Gob 21 <3< 213, Cless
unsatisfieds We tried s=3, Got %< d<[hd, Class frustrated, Finally,
I suggested, let's try s=l. So the problem is d2=2. Vhat is 42 First
response, 3, cleared the air,dod = 2, What is 47 L.1=l. 1 is mo good,

Neither is 2, Melther is 1} (Scobty's old formula)e Neither is 1i,

4

Class furiovs,

I said "There is no answer"., Then T went through the usual proof

that “ﬁis irrational, They were snowed. First by the use of abstract

symbols, second by the logic of the argument (rroof by contradiction) s
third by new ideas involving even and odd: A2 is 0dd if and only if A is

Oddo

N l s g e 2 oo




Tth Neeting,

This was a highly unsabisfactory meetinge I tried to "pabch up" the
proof that 2/ 2 is irrational, First we discussed odd and even. We defined
even es 2n (n vhole) odd as ( 2m+l) (m whole), We worked on even x even,
odd + odd = even, ete, There was great Lrouble working out (2n + 1)

(i) = In? + bm+3,

They were clearly not ready for this,

A long "Ijust don't understand" question from Chuck provided an in’{:er-‘

lude and then we went back to an equally unhappy discussion of (again)
V2~ is not rationel, It still doesn't g0,

I am very sad (and mad),
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8th Meeting.

After the last meating, T hed o good ideaqsoa decent way to show

then that 1 2 cannob possibly be rational, (See the section ™ V2 is

St nep

not rational",)

They find the case 1 $3& hard, It involves the fact thas (even)?
is divisible by 4 but twice an odd is not, Buk they definitely seemed

- e » ev n . v ]
To beliieve the first two cases ’gg‘g‘n: "6%&' which are easier) and

there was no provlem aboub disposing 6i‘ 3%2-3 .

At the end,, I asked again: How do You explain this?

They said ~ you can only approximete it. One boy said ~ You must
measure to find out exactly,

What to do?2%2?

(Wotice how far uway we seem to be from our original problem,)
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Two boys are pretty excited and pleased. They have gotten the
Pythagorean Forrmla frow an older friend,

After a short discussion they agree thet it is just the same as the
one Richard has brought in eazrlicr, (Richard meanwhile has forgotten his,)
I asked them if the formula is wight, Ihey seem to have no idea,

Then I shoir thew, that for a squere, it agrees with the formula
we derived in class,

Someone suggested that since we had so much trouble with squares (i.e.
Since 4 = V”é’;é"” =VZ § uswally didn't “come oub even") we confine our
abtention to rectengles which arentt squares.

Or try s=3 someone else saide s =1 is too hard, I pointed oub that

we had elready tried s=3, We let it go at thab,

The day before, ab my request, Mr, Waring had reviewed the number line
with the classg. So I now sketched a mumber line on the board and marked
off ~/2 roughly in place.

There seemed to be no question thetV? is 'legitimately there on the
number line, That they took in stride. Also they seemed convinced (or at
least accepted) that V™ 2 is not rational, O0.X.

What about representing it as & decimal? Sure, I briefly and
sloppily reviewed decimals in terms of marching along the mumber line; unit
sized steps, 1/10th sized steps, ete, Everyone seemed with it. I wrote
1L AR L2, Still 0.K, |

And thatts 1’4.here fhe trouble s‘tarted.l .I don't renexnber how but

samehow I referred to the fact that the decimal expansion is always infinite,




~ 7/~
Thats o 273%.s.means you've only figured it oubt approximately and thab
«2734 means .27340000,,.,(with zevcs forxever),
This caused great consbernation. Even 1/3 = ¢333..,vhich they "imou",
To them decimal notation is part of what Mr, Waring calls "Main Street
mathematics", Decimals stop. And things like .33 1/3 are cormon,
I ended Une class with a discussion sboub ,599.c..{nines forever)
I tried to convince them it represents the same number as 10,0004,
they egree it's < 1, and by subtracting, tha* th\a difference between
1 and it is less than ¢0seceOl, no matbter how many O's you put in,
There were 3 responses to this,
&- A blank face
be 1400000600 = ¢9999cee =0
but they would go no further,

Co leoooooca i 09999090 = oooooae:eoo 1
nfinitely many 0's then a 1,

Peter asserted (c) saying something like, "I can't help it. That's

Jjust how it is,"
\
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10th Meeting

Mr, Waring had a meno on my desk, The day before he had asked the
kids to make a square with area 2, Some Tried side 1% or 1L, Only
Scotty thought to use what we had been doing,

To begin I wrote on the board

"If 1/3 = 433330se2nd if

e3333c00e
X 3
o9999ocooo

end if 1/3.3 = 1 then 772"

(Carplete the sentence)

I had them copy this down, Someone murmured “Now I see Why «¢9999seee
is 1", I suggested working on thi_s at hcme, not discussing it in class,
(T warted to get on with area,)

Next, I draw & rectangle on the board

4

(I am never very accurate, except with circles,)

and said, "suppose it's broken into 2 pieces like this"

They said "call them A and B", ' : { 'Bw

Chuck said, "Let's break them with a squiggly line", Bubt I said let's

keep it simple at first,

3
e
e
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T asked, “"suppose the 2 pieces are in 2 different countries and we
vant to figure out the whole area,”

They: "Avea A + Area B = Area R", Also someone observed thai since
B contalns 2 adjaceh'b sides if you have jush it alone you can determine
the area of R.

What ebouh finding the area of B alone I asked, and began filling
up B by squares (littler and littler). They shopped me, saying there
vas an easier way. David went to the board iand brol%e B up neally into
a few rectangles and triangles. Thal would do it, they said,

I modified the pieces a bit, to

; S::jo
}/\t

H
t

end they could still do it. (Same way.)

y—

Jeff suggested filling it wp by 1L 1 s
1

then cubting wp 1 ts to fit into the irregular parts and "see how

! 1
mach was vseds” I didn't push him on this. (This kind of idea came wp in
the 5th meeting too. )

¥exxt I broke the rechtangle in 3 like this

Again they said: Area A + Ares B + Area C = Area Ro

(They're quite at ease with symbols for "objects": much less go far *,-,”"

numbers s )
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They handled this setup just es before. Namely, they broke the
piecas up into triangles eand ractangles.

Then I Ycok up Chuck!s suggestion and mode the cuts wiggly.

£ ~

s
< ()

r

I begen filling A with squares., dJeff suvggested his method again Yo
fit pieces at the edges and tried it et the board, Hesald (as in the
5th meebing) that you couldn't expect it to work exachly.

Chuck said "who cares sbout an inch?" and we ficxed this around a

while, I suggested that it wight matter ,. degending on the problem,
Scmeone said that a scientist who wasn't exact enough might wind up with
the wrong result,
It wvas agreed that you could get as close as you like by Chuck's
. method (or Jeff's), Bub it will never end - they said,

I went back now to the case of a triangle,

N

and asked how they would find iTts area. David got up, turned it upside

e PORIRRRIIN L e @53 a2 D T S IS N a4k W g S e ek y s 4 i LIRS SR AR K 3 LT a2 L M et 2

down, and paid - it's easier to work with xright triangles, So he dropped

the perpendicular
/l\\

end said that for a right triangle the evea is a.b, because (he said)
2
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' , is half of

b b

Note: Throughout the discussion thexe was a running argupent eboub whether

7 the figures were dravn accuvebely. Some were quite bothered, ObChers seid,

" This heppened often,

"Who cares? You're supposed to imagine 1T,
' Fine, Then I agked: Just suppose I didn't happen to think of the
4dea that o right triangle is Balf o rectangle. col1d T st311 do it by
F£illing it (a'pproxima.tely) with squares (or recta.ng]jes)a
’ T think the question amnoyed them since they had alrealy showa me how
_to find fhe area and felt that was that. Nevertheldss, I began filling in

‘ rechangles, :

A

- pd

4

~
o freed

Z - i

iy .
i
ey
o
.
*
l e ~
%

P

t
They agreed this was O.K. in principle, but was really a poor idea,

becsuse "it wouldn't come oub exachlys

Perversely, I contimed and said that by pubting 2 such trizngles
-together this would give us another way to work out the mrea of the
rectangle, Humoring me, they agreeds Bul why not just do a.b?

Now I drew a rectangle on the board

@

wrote Area = &,b and reminded them that the reason they had given was "you

£111 it up by unit squares."
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Then we carefully worked oub aa exarple

213

?
34

After a bll of trouble e good cormon denominabor {12) was found
and they worked it oub %o be 28 x 39 1/12 x 1/12 sgasres = 1092
1/12 x 1/22 squeres. After a liktle confusion they saw that it took 14k

: " / 1.092 :

1/12 x 1/12 squares to cover a unit square end got Yty es the ensver,

Chuck svggested another way. Wedte 21/3 =2+ 1/3, 35 =3 + &

“"Make the picture

l[‘x
L~
134 i s
> B
£ -
Uy

and do each piece separately” 3
(In writirg up\. this xreport X see now that throughout the meebings Chuck
has maintained e very consistent epprcach to area, It's slways "filling

in the edess",)
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L1th Meeting,

We reviewed the end of the last meeting end continued that discussion,

I now posed - work out the srea of

vz

3

by the same reasoning sbout unit squarééo I'm not Tu:ce vhether they
ectually saw (afier I tried to explein i%) or just "sensed" that it
woulda't come out ~ since ~wZ was 1oy expressasble es a fraction,
Ma.inly, their reaction was negative, ‘

George: "en excepti Oy eseimpossible to have —v"é':”ccme out even"
Scotb: "We don't know I
Jobe: "The formula is right, but it doesn's come out"
David: "If it's /T you quit"”

’ This negative mood was guite overwhelming, Still, I tried %o push

the point that by- approximating /7 as closely as you like by fractions

you could then = Mppro‘:imate the area &s closely as you like, And, that

the formula was correct,

Farlan: "The area is 3 —V37

Jobe: "Ask e computer = It couldn'® do it either, It would never stop".
At this point I was e.t & dead ends I left matters as the,{ were and

during the remaining class t:une I d:!dsometh.mg ent:.rely different. Namely,

I proved tne Pythagorean Theorem. |

I used the following methodb Drew
. iy

al 2 2N |b

.
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2 2
and work oub the area as, on the one hand (a + b) =a + 2ab+ b eand,

2
on the obther hand, c2+%ab+%ab+%ab+%ab=c + 2 ab,

o

Of course, the problem is "why is the erea of the big square (when
computed by formula) equel to the sum of the areas of its parts?

But I difn't dwell any more on it.

£
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As for my proof of the Pythagoresn Formuls, last time it was as if it
ha.d never happened,

I began the proof again and drew a square a + b on a side
| 3

o2
s . Ny
1}

4

E :
- J,.b
N (¥ 1

[\
1§

(w . t

We spent most of the time trying lots of different ways of using

this picture, none of which worked at all.

At the end I again did the proof and worked some examples (with

particular numbers).
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13%th Meeting,

T Tt was still. as if nothing heppened, So I stopped and we had a long

discussion about - whet wowld convince them that the Fythogorean Formula

was correct? (They could easily follow the proof that I had given several

times - bub it was clearly irvclevant o them)

Various ansxfre;c‘s:

Measurec,

They would believe it if the teacher told then.

. . Since they're tired they would sey they believe it just to end matters.

‘ Roger seid that if e friend told him he would beiieve 1%,

gl - o e

Peter and fwo girls believed the reasoning, But Peber said the
[
erucial test for him was vhether it worked when you :.easureds (The procf
did not convince him that it must work when you measure, only that i% wes,

in scme sense, logically correct reascning.)

We seb up a test case, David measured a2, b and c for some object in

the room, Then we laboricusly ccmputed en.2 + b2 and were sbout to embark

et Sl .

on Vet + b2 (to corpare it with the measured ¢) when Jeff said

(brilliantly) "Let's just squaxe ¢» So we did, and compared @ with a2 + bz.

They were wide offe ‘The first reaction in class was that David must

have made an error in measuring. (Evidently they want the answer (o come

: out.) He did, The string had stretched, He measured, gaining 3-3/4" on
: c and I assigned the comparison for hcmework,
The class ended with an argument between Jeff end Peter about whether

3 ¢ nniquely’ determines a and b? J eif seid yes, Peter no, Peber convinced

him, by drawing varicus right triangles with the same hypotenuse on the

TS IR

board, Jeff then asked vhether the area was uniquely determined. He
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3 evidently doesn®t see the general principle,
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14th and 15th Meetinse,

We went through arobher proof of the Pythagorean Theorem, One with

no algebra, You shovw explicitly hov to cub up the 2 squares on the sides

>
and ¥

rearrange them to form the square on the hypotenuse. This went scmew

what betier,

]
5

R R S N S et *.%'}» D R P T R D S
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I stopped at this point, After a- month I held 6 more moebings
mainly devoted to lengths and areas of circles (and Pne class on
similarity),

During one session I had them write very briefly whet they recalled
from the first 15 meetings. (Some responses are atia ached, )

I also had them, for an assignment » Work out the length of the

diagonal of a unit cube and this went well,




JABE

We tried to figure cub squere root of two. Something was cockoo first

we decided that the fracticn had to be odd over even, Then after we

ficured awvhile we realized that it had to bs even over even. Something
L

was virong, We spent about two periods trying to figure out what was

going on, then we gave up and went on to the next,
PETER

I don't remember any arguements, bub the measurements seemed to prove the

reasoning right,

RACHEL

I don't remember very much, Scobty had & formula that didn't always werk,

(Long side + 3 the short side.) Richard had & forrmla, Roger had some-

thing like Scotty's,

SCOTTY O'NEIL
We were trying to find what C was in teims of A end B, In otherwords
we were trying to make & diagonal of a square., We had all kinds of
formulae, I had one in which one side plu_s half the other side eqﬁaled
the diagoral but that was tco big, Ancther was that one side plus a
quarter of the other equaled the diagonal bub that was too small, We had
several otherse. In the end we found that the square of the diagonal was two

times the side squared. A1l you had to find out was what 4 was.
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Scotty's method long side and half of the short side., Her method did
not work, Method that worked:
' 2
02 = a.2 + bz. For a square D2 = 25
D= 2
Some other ones thab didr;’t work
a+b
s s g T h ! ,
N aa + bob i \
_ 6 e
o A o+ E .

1
A+'-2-

w
+
Pl
o o o’
(-] | ol o

{

{ !

odt
4

L
A+l

ol o

ANN WISEMAN

The probléms are that we tried to find how long a was compared to ¢ in

the triangle. Ve also.trn:.ed to f:ind the square root of two, We also tried

to £ind two squares so that they would fit in one big square.
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THE REPRESENTATION OF NUMBERS

There are several differert ways of looking at numbers mathematically,

There sye the rationals as ratios of whole numbers, all numbers as points

on the number line (or as directed lengihs), and decimals, The student

has to leaxn %0 be at home with all of these and o be able to go back
and forth from one xrepresentation to another,
A hard problem for the siudens (and one which is probably rarely

made explicit) is "which one is numbsrs?® Ib's even hard o say in

English, I mean, decimals and points on a line certainly aren't the same
thing, so "which one of them is numbews”? Several years ago I began a class
ab the Commonwealth School by saying something like "Let's take, for a
vorking definition, that numbers are the poinbts on a line,” One boy --
objeéted, say that "nunbers may be in one-one correspondence with the
points on a line but they certeinly are not the points on a line",

Mathematicians have lots to say about this, but there is no good
ansver, The idea which is rather sophisticated, is that lots of different
things have certain analogous properties, and those properties are what
ve're studying., Scme properties show up betber from one point of view
(L.eo in one representation)some in another,

I say all this because the kind of geometry I have been concerned
with - really measure theory, involves different ways of looking abt numbers,

As prerequ:.si.tes for this kind of work I would emphas:Lze

q.. Fam:.l:!.aritv mth the nmnber line. ,

wo ot

2o Dec:.mals _(infim’ce)

But e wa.rﬂing about decimals. For compﬁfé.fidh a student has to become
famillar with manlpula:blng "fn.m.te de&:imals".

i
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But I'm concesrned, besicer 5his, sbou™ Jecinels as infinite represent-

ations of muwberse This infin te aspect should He facald up So and iived

With °

Rether than go fuxriber, T will only sov {has the dovelooment of a

Sl T PR

. o < s S ! B v
an -Lporiard proisct in Ihsclif,*

proper trezvment of decials i

-l
- .

¥ (It could well be part of some more general study of infinite represent-

ations and approximations of numbers.)

[
¥
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Algebra kept holding us v, Bire are sowr2 {hin

- -

5 “hat they shovld

be Toamiliay wilth beforchind,

[V W N Y )

1, Sguares and squere xroohs {onprovimately ),

4
- 4 In particilar, tha formula 3

. (a+b)1=a3‘+ 2 ab + b>

2, Lineay operations on an eyuation in one uniuown (i.e. mulsiplying
; by a coastant or edding a conshant). 1
3« That odd numbers ere thoce of the form 2n + 1 and even ones those
: form 2n,
Lk, More generally, using letters in place of specific numbers.
Arithmetic was no problen,
(Of courseywhen I was in grade T we didn't have any algebra.)
~
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The one most succeszsful thing I did was to rwke up & navw presentation
of the proof that —"2 is not 1ablonel. It's much longew that the usuel

o

» much less elegant and, I nope, much easlcr for & child GO grasp.

The usuval proof goes like Shis:
If -2 were rational we could express it as A/3 where A and B
are positive integers with no common factor. 'In "chat'\ cage
2 2

2 2
(A)= A =2 so A% =28
B B2

g0 A2 is even 5o A is even. Therefore A2 is divisible by b. Bub
A% = 282 so B is divisible by 2 so B is also divisible by 2., Thus
both A end B are divisible by 2 contrary to their having no ccumon fa2tor,
This contradiction shows that there do not exist such A and B,
This means that —V2 is not rational,

Hare the logic is intricate, One has to follow along line by line
checking that each step does follow, without knowing where you’re at,
And at the end youlre hit with a contradiction, The children I worked
with found this very haxrd to follow, The symbolism, the particular facts
about odd and even, and the way of reasoning were all wnfamiliar, A% best
they agreed with each step. Bub no one really grasped it.

I am enclosing 2 sheets which cutline my presentation. (These were
éiven to the class after our work on '\féﬁ

First we tried various candidates for /2, The children slways
expressed them in the form 1 a;rld & fraction, To begin with they only tried
"ruler rumbers" 1-1/2, 1-1/4, 1-3/8,.e4sse«.They say immediately that

1 - T4/2 < 2 and thet squaring preserves the relevant inequality.,
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I encouraged them to try numbers of diiferent types:

ocdd : . . even
e -l § EY.E.E s 1 odd_ « It was obviocus to them that 1 ---— need
even off even even

nevey be tried.

We got an approzimation 1,41 - 2.7 1,12 and then we got tired,

I proposed %o elininate 2ll cases, categorizing them as follows,

5 1, 134

, even R - A s ops

o3 2¢ Y ar Increasing order of difficulty
« cd

3 / i
: odd \

oda

w
[ ]
-

. .
F
~

Sab Al

even L
L, 1o (Trmedistely eliminated)

SN WIS

RO

Cid ey
1, 1 —= _even + odd _ odd

5 even ~  even T even

A

- odd )2 = odd® = oad # whole muter
| iy Pty wp ”—'2

5 even) even even

o

i\ e v
aves wislsn NIl

(or else, cdd = (whole mumber):(even) = even)

p, 1 &ven _ odd + even _ odd
odd odd oda

Eodd)z = odd® =0dd #2 (or else odd = 2,0dd = even)

G,

odd ) 03de  oad

5. 1% _odltod . even

: odd odd odd

: 2 _ 2 - evn =

] even)® = gven; = gvar o Now even cen =2,

- odd ) odd odd odd

For example & = 2, We have to do better., Going back, say iastead
even )2 = even? = even ° But even = 2+{whole number)

; : cdd) oda= odd © so even?® = L+ {whole number)?

Y+ {+hole razmber)

: ' 80 g._gc_a_gg = ), (whole mwbes’, f 2
' odd odd

i {or else 2,0dd = L. (whole number; and then

odd = 2-(whole munber!= even,)
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This last case is admittedly hard, I would only argue that the
adventsge of this spprcach is that the first 2 cases are easy and once
the student has grasped then he really knows that at lexst no mmbex

of the form 1 odd or 1 even can be - 2,

ac L =Ty

even odd

3 It might also be worthwhile vo run through the standard proof after

this one.

-y

3
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